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ABSThACT 


A  Byatea.  of  R  boxes  are  to  be  searched  for  a  eint^  object  located 
in  one  of  then  tgr  inspecting  the  boxes  one  at  a  time.  Given  for  box 
i  (i'd,..o,R)  are  a  prior  probability  that  the  object  is  there,  a 

krio-m  positive  probability  that  If  it  is  there,  the  object  is  not 

(>et?cted  on  a  given  xnsnection  of  th&  box,  and  probability  zero  that 

trie  object  xs  detected  if  it  is  not  there.  A  searching  pier,  is  a 

specified  (inlinlte)  sequence  the  n"  tern  of  which  indicatts  the  box 

tell 

to  be  inspected  at  the  a  stat,e  of  the  seaich,  and  it  Is  of  interest 
to  det  arnunc,  if  some  "optmal”  plan,  kith  the  furth'^jr 

anrumption  that  all  inspectiora  are  in  a  lea^onaule  seiise  inaeoendent, 
it  is  a.iOVin  tn^.t  a  plan  wlJch  .instructs  the  searcher  to  inspect  at 
each  stflfje,  tne  box  in  which  the  object  Ip  m(.?t  likely  to  be  fou:id 
is  opti;.al  in  the  t.e.ite  of  ninirdiing  ths  expected  total  nuiiher  of 
Inspecticrs  rwCuirtd  to  fjna  the  objocto  In  addition,  the  optintal 
plan  :.8  shown  t.o  ce  vltli^-texly  3>oi  iodic  iS  all  eiioal,  and 

w.beri  that  it  can  te  eppro-'jLnat  <5<1  b>  ul  ticsately  pe.  iodic  plan 

that  uoes  not  req_ire  exxet  Knowledge  of  the  probabilities  c.^  am>  c.2« 


Siunfitary  and  lntrodu?tloii 

There  appears  to  be  e  nuitber  of  searching  type  protlems  having 
co.isi'ierablu  practical  interest  which  do  not  fall  into  the  general 
class  >>T  prob'ieras  treated  prijnariLy  by  Koopioan  [ll  Suuh  a  problem, 
rcosidered  as  a  problem  in  maintenance  analysis,  night  be  described 
as  follows  When  s  me-'litnical  system  malfunctions,  th*  repai-.-man, 
or  nn'chanic,  is  porniitted  to  search  am^nn'  R  locatioius  lor  the  source 
of  trouble,  but  wishes  to  do  so  in  some  cptimal  raa.inerr  in  this 
paper  xt  is  assumed  tl^t  there  is  only  c{£  rour>'e  of  fulluie  in  the 
system,  and  we  shall  call  this  tiie  ^Ject  of  the  aaarch  Heferrtng 
tc  the  p.Bsible  location?  cf  the  soar*^  cf  lailure  as  bc/es,  and 
tha  repaiimt-n,  perhaps  more  *pprt-pris^>2lp  {  a^  the  it 

ie  desirable  to  devise  a  plan  of  inapocting  the  tA>xes  one  at  a  time 
hereafter  cal'ed  a  aejsr^ing  unt'*!  the  object  is  discovered, 

ihat  the  expeclef.  time  or  cost  of  ti.e  rearch  is  another 

defer ipt ion  cf  the  s^rve  frohleu  could  te  that  whore  a  secrotar/  wishes 
tc  find  #•  setter  thot  is  located  In  one-  of  R  listingt  in  a  filing 
system}  a  nurm-rlral  example  cf  this  typ»e  d.je  cc  Koste'' lor  is  given 
by  iielliacin  ss  a  r^searen  prot^em  in  [2,, 
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The  feature  tiiet  makes  the  prob'en  of  general  interest  Is  the 
assjnpt'un,  made  U.rougnout  the  {vaper,  Uiat  even  ttiUugh  at  a  given 
stage  cf  the  search  the  correct  box  is  inspected,  there  is  positive 
probability  tliat  the  object  wiLi  not  be  fourd  and  that  the  aesrch 
must  cu:itinue^  Tlius,  it  my  be  necessary  to  insjwct  a  given  bo* 
sever?.!  tlniB#  before  the  object  located  there,  or  until,  the 
statistician  be.'-.umes  .-eaCwnabty  certain  the  object  la  not  in  that 
box^  A  single  inej^ctlon  of  one  box  is  called  an  observation,  and 
it  \H  assomed  tlist  all  'hservations  are  independent  in  t)ie  sense 
Uist  ,  iven  the  box  to  oe  irjspscted  at  a  given  stage  of  the  search, 
stxi  given  U.e  location  of  ooject,  tJie  out-ome  of  ttie  inspection 
la  independent  of  all  earMer  observsiLuna 

In  tlte  present  investigation  thQ  further  aasuio^tion  la  made 
ttiet  each  observation  rt-quirea  one  unit  ol  tlise,.  or  costa  a  unit 
aisount  If  t^ie  object  is  in  oex  i,  Bay»  tne  probability  of  not 
locnting  it  there,  on  a  given  inspection  of  that  box,  is  assumed 
to  be  known  ♦^nd  wo  denote  it  by  wi.ere  U  <  <  i  (I  ••  I ,  „  ,  K) 


'  It  WX5  the  author's  desire  at  none  futu-e  ti'ae  to 
sciv*  thte  ncre  gerw. ral  probiam  wtiere  an  ;.'bservatlan 
fr -M  b*'>K  i  requires  units  cf  ti/ss ,  i  - 
However,  it  was  liiscovered  In  a  paper  by  Hatula  l3’ 
that  thiJ  problen  )u>n  be*in  solved  using  dynamic  pro 
grara.^ng  me  by  Uavld  Blackwe.l,  aT  th  -uigh  hi* 

resuith  are  unpul./. i sued  The  author  was  uot  aware 
cf  Blf  ci.wfil  L  •»*  rvsaita,  which  contain  the  major  part 
of  triis  [Mfpr  sc  a  sjviisl  case,  until  Ute  present 
work  was  written  in  tne  tons  ol  *  fine)  draft 
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Also,  If  the  ob;)ect  Is  not  In  a  particular  boj(  the  probability  af 
locating  it  there  is  taken  to  be  0  - 

/ij^hoiigh  the  search  i  this  problem  in  carried  out  over  a  finite 
set,  wheieaa  Koopman  la  concerned  priAa.'51y  with  searching  sane 
ri  dimensional  Euclidean  rectangle,  no  assuraptiona  are  made  in  conne  t^on 
with  the  oonditlonel  probabilities,  ,  described  above  Koopman  must 

assume  that  these  probabilities  satisfy  the  exponential  saturation 

law,  as  do  Charnas  and  Cooper  (U),  idio  deal  primarily  with  the  discrete 
analogue  of  Kcopman  a  problem  Also,  the  primary  interest  herein  ia 
to  minimise  expected  aeazv^hing  time,  aa  opposed  to  maximising  the 
probability  of  fiodiog  the  obje<^t  within  a  certain  time,  or  ptlmally 
distributing  the  eearchlng  time  available 

In  section  2  the  optimal  searching  plan  la  found  to  be  the  p;!an 
that  instructa  the  atetletlclan  to  inspect,  at  each  stage  of  the 
search,  the  box  in  whicli  the  object  la  moot  likely  to  be  located  The 
essential  features  of  this  qptimel  searching  plan  are  ita  simplicity 
and  its  intuitive  appeal,  since  it  is  alec  the  cptimal  one  stage 
procedure  Not  only  does  It  ailnlmise  the  expected  number  of  observations 
required  to  locete  the  object,  but  it  maxlmlsea  aiyr  fixed  number  of 
observations 


2/  In  certain  situatione  it  might  t>e  ressiHiable  to 
assume  Uiat  Buoe  cf  these  probabilities  are  positive 
However,  thia  would  make  the  problem  considerably 
more  cunplicated  by  necessitating  the  conaiderati  on 
of  stoppiu^i  rules  as  well  as  searching  plana  mo 
shall  not  discuss  Uila  problem  any  further  in  tha& 
paper 


u 


The  probi'ea  'i,end«  wry  a^ceiy  to  a  E^vyesien  approach  ^ 

and  tni£  is  used  to  obt^iin  our  op;.xina)  solution 

section  3  the  special  case  whaie  all  a^-a  are  oqua^  is  con 
siOered  in  further  cieteii,  arxl  certain  periodic  features  of  the 
optimal  seardilng  p?^n  are  derived  The  optimal  plan  fcr  this  caae 
was  determined  earlier  by  Staroverov  [5' 

When  the  munber  of  bcmea  ie  two  (R  •  2),  the  optimal  searching 
plan  ca.i  be  approximsted  by  an  even  Jimplar  plan  that  becomss 
periodic  beyond  a  certain  Initial  number  of  observations  in  one  of 
the  icsces  Ihis  plan  has  the  added  advantage  that  it  may  be 
applied  to  a  situation  In  which  the  b  are  not  known  exactly  This 
is  done  in  the  )a'3t  section. 
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I/et  p  -  (P|>  .  denote  tlie  sttar  her  s  distribution  ;f  U;e 

objp!,  rorg  tht*  K  boxes;  l.e  ,  p.  ie  the  probability  th^t  ^be 

R 

cb^eol  is  in  box  i  ( i  '1  ft*  and  Ip-;  We  deilne  o  search 

A  ^  . 

ing  p.  an  ea  a  oun»erl.';'>i  a:fquen'’e;  ea-h  ter.n  of  whirb  is  orja  f  tl» 
jnt.eifers  ,  H  The  laeniior  of  the  Sequenro  ind-*  ales  the 

box  that  is  to  be  inapec.l’^d  at  the  k  stage  of  obser/aticn  if  the 
object  hes  not  been  iocatad  in  the  first  k  f  observations  Ou 
rriterion  fcr  the  op  Mis)  searching  plan  is  the  fo' losing; 

searching  plan  6  is  said  tc  be  optimal  if  the  exj^ec  ted 
number  of  observations  required  to  ‘ocato  the  obje-  t  is  at  ‘.east  as 
sinBll  using  6*  as  it  is  using  ar^  other  caarching  p^an  6  More 
forma Liy,  we  say  6*  is  q^tima;  among  afi  6  the  cxass  ol  a»I 
searching  plana^  if  and  only  if  KplN  |  5*1  <  rtN  |  ^  •  6  £  D 

where  N  is  the  (random''  number  of  obaer  vatic  no  required  to  find  the 
object,  and  „  j  f  '  denotes  expe  tation  taken  with  reaper  t  t-  •  tlur 

prior  distribution  p.  given  the  plan  6 

ou 

Since  E  (N  |6^-  I  P  (NX  wi  <  be  rptlaa;.  'f  it  is 

k-'o  ^ 

shown  that 


for  a..--  5i  D  and  every  k-0.  I,  ,  .  'fa  scarhing  plan  b  -ran  be 

found  t.:  satisfy  (2  '  i  hen  it  wi]  1  alst  be  optimal  In  the  sense  that 

\t  maxiraiy.es  the  prcljabi'oty  of  fuidiag  the  objevl  within  any  j  iven 


num  u  r  i  f  utae  va  t  i  on  s 


with  the  asslgriLierit  of  a  prior  dletrlbution  to  the  •yetem  of  boxes,  and 

being  the  probability  of  not  locating 

the  oh^  ;ct  in  box  i,  gieen  that  the  object  le  there  »  the  protlea  is  well*^efined 
* 

Therefore,  let  i  be  the  aoarching  plan  under  idiich  the  etatiatioian,  at  each 
stage.  Inspects  the  box  where  the  probabilitgr  of  finding  the  object  on  the  next 
->b8enraticri  is  greatest,  aisl  tenninatee  inspection  once  the  object  is  foundo 
I’he  probability  of  finding  the  object  in  box  1,  at  a  given  stage  of  the  searchi, 
is  (l  where  ie  the  poeterior  probability  that  the  object  is 

In  boK  io  given  the  reeults  of  the  aeerch  up  to  the  given  etagaa  The  exact 
valuogcf  (l  «  1,  00U9R')  are  deteredned  bj  Bayee'’  Theoren.  It  will  be  shown 
in  Uiie  sertion  that  this  plan  6  is  optiael  In  the  sense  of  aatisfyiiig  (2ol) 
for  all  6  e  0  and  all 

SixKS^  at  hojf  stage  of  the  March,  the  probability  of  finding  the  object 

m 

may  be  a  naxlaun  for  nore  than  ona  box,  oer  euggaated  plan  h  la  aoisewhat 

anblguous..  All  meUiOde  of  chooelng  one  box  from  thoee  Utat  yield  the  aaxlmnn 

axe  equivalent,  however,  in  the  sense  that  they  give  the  same  expected  nusber  ■ 

of  r>be«rvstionso  Indeed,  if  the  probability  of  finding  the  object  at  the 

kth  at^^ge  of  obeervatiori  is  a  isaxlutn  for  r  boxeSi,  then  each  of  these  mist 

be  inspected  once  and  only  once  before  inspecting  any  of  the  other  R^r  boxMo 

That  is,  if  one  of  the  r  bxxea  io  inspected,  then  only  the  r^l  reiBaixdng  boxes 

yield  tne  «aaxiat'<4B  probability  of  locating  the  object  on  the  (k  •  l}*^  observatioi; 

% 

since  the  reiative  values  of  their  probabilities  aid  thoee  of  the  other  K--r 
bcocus  are  uneffeetcKi  by  the  obaerr^tion.,  Hence,  for  each  of  the  R  boxes 
the  p>.>*tcrior  probability  of  locating  the  object  on  the  (k  ♦  ebservation 

is  the  sane,  regardless  cf  the  order  Ln  which  the  r  boxes  were  Inspected^ 


knowleu^e  of  ».he  nunbers 
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For  doflnitoneso,  then,  let  us  rslsbsl  ihs  boKss  so  thst 

h  (1  V  >  >  p^(l»cL^)  «  i,e,,  mabsr  the  boooss  In  sn  ot^dsr  of 

dseroa  uig  Initlsl  probsbllliits  of  finding  tbs  objects  TheUy  if  n|^ 

denotes  the  postorlor  probsbiUtj  thst  the  object  le  in  box  1,  gissn  thst 

e 

obsemtlone  were  taken  in  box  r*  define  6  g  our  ponoposed 

« 

se&iiching  plan*  to  be  Uie  followings 

(I)  Take  the  first  observation  in  box  I.,  since  1  is  the  Integer 

1  such  that 

(1-  a^)  VJ* 

(II)  for  j  >  2^  take  the  bbservaticn  in  box  1^  where  1  is  -hs  ssenest 
Integer  such  that 

\2i2)  .  .o,k^)  (1*  a^)  -  [Pj,(kj^#"o-iku)  (l“®  •ml 

k^  .oo  ^  **  inspeot  the  box  of  snsllest  index  for 

which  the  probability  of  flnd^Lng  th<»  object  on  the  j^  observation 
is  grestest,  given  thst  it  was  not  located  on  the  first  j»l  obeervatioos; 
and 

(ill)  tanninate  inspection  when  the  Itcn  le  fotmd. 

It  la  now  convenient  to  define  a  eoqueoee  of  positive  inw ;-rs  ^ 

in  the  following  muumr..  Let  be  the  analleet  integer  sudi  that 

0)  (1  ^■.)  <  max 
^  r>i 


(213)  ^ « 


[p,('‘l.0.--'r0)  (1-  «J.)] 


I 


•na^r- 


Slnce^  using  t  ,  W9  mmt  first  inspset  box  1,  observations  will  actually 
os  taken  there  before  any  other  box  is  inspeeted.>  Let  us  call  this,  and  any 
other  '  .dnterrupted  sequence  of  observations  in  a  given  beocy  a  chain  of 
observafclCTiSc  Now^  since  P2(l'-  ^^2^  ^  ^  that 

0,  ,..,0)  (l-«2>>  -  ^  p^(I^,0,.  .,0)  (1  box  2  is  tbs 

next  to  be  inspected  using  6  ,  and  we  anst  take  1^  observations  there,  one 
at  a  tins,  %dMre  is  the  saallest  integer  such  that  either 


(2.4) 


{^(l^^K^f  0, 9  (I '  ,0)  ^  oo.>,0)  (l-*’  ,  or 


*  e 

searohing  plan  equivalent  to  6  ,  the  advantage  of  6  is 


This  cooplleated  eondition  is  required  eo  that  we  mgr  rsasin  oonsiatent 

« 

with  the  deflnltioti  of  6  ,  under  which  we  Inspeot  the  box  of  SlUsfi  ii>i<K 
anong  those  for  wfaioh  the  probability  of  finding  the  object  ia  graateet^ 
(Although  this  oondition  eould  be  elsqidLlfied  aoamdiat  by  ohooeing  another 

elear  in  tha 

next  seotioa.  Alao,  the  proofe  in  this  section  would  r— In  mchangad, ) 

In  a  ainilar  faahiono  asauxlng  the  integme  for  J  ^  2; 

have  been  defined,  we  now  define  First,  if  ♦  ouc  ^  obeervationa 

have  bean  aide  according  to  6  ,  let  n^(j)  be  the  total  mmber  of  obeervationa 
enottg  then  that  were  taken  in  box  r,  r*l,  Note  that  eaoh 

np(j)  ia  either  aero  or  tha  auu  of  a  aubaet  of  ^  X^,  ^  and 

R 

^  n  Then  if  1^  is  the  enalleet  integer  such  that 


w 


(2.5)  .njj(j))  (l-a  ^  )  .*  mx  ^njj(j))(l'  a^)]  , 

V  J  ^ 


we  auBt 


the  next  obaenretions  in  box  aceordire  ''o  f>  c  where  la 


J 


r 


•j 


the  smalleat  integer  such  that  either 


(n^(j)»  (J)  ♦  Kj,  ..  ottijj(j)  (r-a  ^  ( 

J  J  i 

(2  6)  oax  [pj,(nj^(j),o  .v.i^  (j)  ♦  K  o  o.,rijj(j))  (l-a^)3  ,  or 
r  <  ij  1 

(n^  (.j)  j  j  o  o  jUj^  (J)  ♦  Kjr  n  1  o fn^( j)  ^  ^ 

J  J  *  J 

■Mc  (J)  ♦  Ij,.  <  (1- . 

r  >  j  J 

^Ma  coodltion  being  required  for. the  eeae  reeson  ee  that  gliren  after  (2  4)< 


^  Bkyee”  Theoree.  the  poeterior  probablllt/  la  giwn  by 
ki  /  R  k 

p^(kj^s  o . . ,kjj)  •  ^  ®r  h«ee.^  the  inequalitiee  (2  3) 

f  r**l 

and  (2,6)  aajr  be  written  aa  foUoN^t  !•  the  aeallrat  integer  such  that 


(2  J)  Pi  ^  (1-  Oj^)  <  (1-  aj)  8 


and  X.„  ^  >  2,  la  the  aealleat  integer  auch  that  either 

a# 


-lo- 


p 

(2  >) 


U)  Kj  n^(j) 

“i  ^  0-c.^  >  $  MX  [  p  a  ] 

'  ’•.I  r  <  Ij  ^  J 


n.  J)  K, 

^  ii  k. 


Pi  ‘"i 
j  j 


(l-Cj 


n^(J> 


>  <  ■“  f  >r.a 

J  r  >  1 ,  L  >•  «■  *■ 


or 


* 

ifhere  ie  de'ermined  bj  (2  5^  definUlon  of  b  aa;'  now  be  reetatod  In 

tene  of  ^iie  iitogers  IL,  .  -  as  follows  8 

(i'i  TJce  thi  first  otserrationa  in  box  1»  oav'  at  a  tins,,  wbsrs  is 
ietsrai  ned  by  (2r3‘')5 


(j^)  If  .  ■*-  cbssna-tions  have  been  taken  ^ nsm oesefuUy,, 

j  >  2  take  the  next  obssrmtions  in  box  iy  oc'  at  a  tlas, 
where  and  i^  are  dsiemined  by  (2  ,60  and  (2.5)  lospeotieelyi 
and 

(lii)  tenlnate  impaction  once  the  object  is  fovd.. 


Aa  a  consequence  of  this  forBuIation,  we  are  now  able  to  wx-  ta 

P  [N  >  k  lb  }  in  e  suitable  form  in  terns  of  the  ludbera  p.  and  a.  r*I.  oo.R 
pi  r  r  '  ' 

First  note  that  if.  for  an  arbitrsiy  aaarehing  plan  b,  the  first  k  ob  ereations 
are  such  that  of  them  Wei’s  taker,  in  box  r,  r*l,.  with  £1^  ■  k,  hen 


(2  7) 


P JN  >  k  lb  1 
P  * 


and  the  order  in  which  the  k  obeervatiens  were  taken  is  irreleesnt .  Howvver^, 
any  Integer  k  ^  Oasy  be  written  as  k  •  ♦  .  ,  ,  ♦  n,  for  sosw 


fj 


-u 


a  >  and  0  ^  n  <  wharv  •  0  aad  S^#  -»o  ara  the  Jntagan 
d«t«rralnad  by  (2^30  and  (2.6'' )>  (2,7)  can  ba  vrlttan  as 

k-  kp 

(2t7)  ^  ^0  *  r  ,.  *  "*  n  I  6  1  ^  ^  ^  ^  °  ^  p 


whers  kj^-^  ,  ..  ^  ^  *  . .  -  ♦  ♦  n,  0  <  n  <  and  a  >  1,  andp 

froB  (1^  and  (U^  %ra  have  for  the  spseial  plan  6  .. 


(2,8) 


P  <» 


♦  “ 


1  a 

I  6  3  -  a^ 


(a)  ♦  n 


\im) 


a  £  p  a 
*r  r 


sines  1^  a  o . ,  ♦  ^  ♦  n  obssirvatioos  taken  aoeotnUng  to  6  lapliss  that 

for  all  r  \  -  In  order  for  (2,6)  to  be  assidj^fbl  for  a  •  1,  we  anst 

eactsnd  ths  deilnltlons  of  and  n^Cj)  to  inoluds  the  ease  J  ■  1,  Henes^, 

let  1  and  i^(l)  0,  r  -  lp,,opBp  in  ncriint  with  (i**)  in  the 

* 

definition  of  6  , 

Let  oi  now  define  the  sequence  of  fwirUcns  ^  .(  9,^,3  )^  vboss 

■fO 

doaains  are  sabrsets  of  an  R'^ddaeneiaial  Koelidsari  Spaos  as  foUowss  for  sach 
a  ^  and  0  ^  n  ^  K  , 


K 

,  sbero  (k^;  ,  .^kj^)  is  aaoh 


that  for  r  •<*  1,  c...  k.  is  a  non^osgatiTS  intscer  and  £k^  -  K  ♦  ,0,  ♦  X_  ,♦  p 

T  .r  O  K 


000 


■^12  - 


Note  th-.«  Che  functions 


^  and  '^♦10  IdontlcaJ  o  Ihla  redundaneyp 

however.,  is  helpful  In  the  proofs  that  follow.,  As  seen  troa  (2-7*)  the 

sxp.resslon  ^(kj^^eoonkp)  Is  the  prcbabilit;  tfxat  more  than  Ik^  1*” 

ooeeevations  will  be  requlmd  vincsr  a  sacipJing  plan  such  that  of  these 

oU8frv,.it.icn»  will  bt  takon  in  ton  r  where  1,,. .,,K,  Thus,  all  the  Infoma- 

tioo  noressary  to  determine  P  [li  >  K  ►  o„  ♦  K  n  j  6  L  for  m,  arbitrary 

p  «>  ®'’t  I 

■earchlAfr  plan  b,  lo  glvei  by  the  point  in  the  dosialn  of 

1  Hence,  aiiowj.n^  tiiat  (2^1)  Is  trua  Is  oijulvalent  to  proving 

Ul^s) 

the  foilowi'ig  theorem 

Tneoresi  it  The  soquenrn  of  fVrtctions  (2.V)  ha?e  the  property  that  for  every 

a  ^  Ig  .each  0  ^  n  ^  K^.,  and  ail  K ^tuples  such  that 

Ek.  K  -♦  f». 

f  O  m-'  i 

(2,10)  ^  ^  (a)^  i^(b))  j 

^  81 

i  e  ,  each  ftiictlcsi  1  attains  a  minlsnas  ovst  its  domain  at  the 

DpO 

point  (nf(in),,o  ,„nj^  (a)  ♦  n«o,  .„nj^(ai)U 


We  shall  prove  this  result  in  Uie  form  of  twc  lanmas  which  follow,. 

Lenuaa  1^  For  each  0  $  n  and  all  (kj^f*  euoh  that  •  n^, 


(^•H)  ’’ij  ^  (kjj,  o  J  r  ^  ^(n.  Op  n  d  >  ,  o)  , 

Proofs 

Trlviejly  {2..11)  hclde  for  n«HJ,  since  •,,,•»  kj^  "  Cp  and 
^(0^  .  ^Qj  f  ^pl  *•'  I  b  j  '■  1  for  -ill  ab«r-  rltig  p.lans  b,  ;ind  (K^uoUty 
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cbt&ine  an  induction  hypothoals  in  n,  lat  ua  now  as;.  «  hat  (2.^11) 

^  kg 

holds  for  noma  n  whara  0  ^  n  <  K^  , 

with  Ix^  »  n  and  (2  11)  nay  Da  written  iss 
T 

ki  kg 

(2, 11-1)  pij^o^  ♦  .n  ^  which  we  shall  rewrite  ass 

r*2 

k.  n-k,  R  k 

(2,11.2)  p,a,  ■‘■(1^  ^  L  P^(l-a 

i  j.  X  r^2  ^ 


To  show  that  (2,11)  holds  for  r  *  1  it  is  sufficient  to  show  that  it 

holds  for  each  (k^.  .  ..k^  ♦  1„ ,  ,kg).  r  *  1,  .„  ,.Ri  where  (k^,  ,,;kg) 

is  an  arbitrary  H^tuple  such  that  Ik.  ^  n-  Therefore,,  from  (2,11.2)  we  have 

r 


k«  n  ^  X 'k|  «V|  «<  u-'n— 

^(1-0^  ^)  -  n  (1  ^1-0^)) 


«"ki  tx\ 


(2  n  3) 


R  k  n 

L  p^(l  ♦  p^o^  (1=^). 

c^2 


Now,  since  0  ^  n  <  we  have  from  (2/3'')  that 


(I  >Pzfl-«2> 


and,  by  thir  mariner  irt  which  ths  boxes  are  ordered, 

Pj}!  o^)  >  p^U-a^)  for  s 

n  k 

;,,u,  (I  cJ  >p  (l-a  )  :i  pa  'A  )  for  a  »  ...R 

kA.  L  09  69  B 


liiUS 


i 


and,,  by  (2  11-3) , 

k-  n+l-k, 

^-“1  ' 


(2.11-4' 


R  k  k 

T  ^  2 

k  ^  k  k 

I  pjl=a-  *  )  ♦  ")  ♦  P  a.  *(1^-)) 

r4a,«  ^  ■  ®  *  •  • 

k  k 

P,(l-<i,  *  >  *  ’ 


tor  «-?v,c  .ofR. 


Writing  (2^11.4)  in  the  fom  of  (2ollol)f  we  have 

k  ♦!  k  n^l  R 

p.a  ♦  I  p  a  >  p,a,  ♦  P«  » 

®  ®  _  r  T  X  «L  _ It 


which  iapliee  that  ^  holde  for  all 

(k^c  0^,1^)  each  that  £k^<«ir»l0  aaoBept  whara  **  ^  >  *  Howaverp 


equality  holds  in  this  case  and  the  proof  of  the 


ie  qoaplatadc 


Ihe  proof  of  Theorem  1  will  be  oomplated  through  the  next 


lAifth 


establishes  (2. 10)  by  an  induetion  argOMot  on  au  Prior  to  this,  homrear, 

it  is  convenient  to  point  out  a  usafhl  property  of  the  integer  funetione 

,  * 

o^U)  defined  earlier  According  to  b  ,  after  ^ 

been  taken,  the  next  Kj  oteervatlons  anst  be  oada  in  box  iy  so  that  the  total 

nunber  of  obeervationn  taken  in  box  r  ie  the  eaae  ae  it  was  prior  to  the 
th  % 

1  choice  of  observatliwia,  for  all  rtLj-.  Heaea,  wa  have  the  following 
reourrenee  relations 

(!♦!)  (J)  ♦  Kj  »  ii^(l^l)-i^(l),  r\ljS  i  -  l,.a«n 


Lannift  2s  Suppose  that  for  a  given  value  of  a  ^  1,  the  axpraeaion  (2olO) 


holds 


for  each  C  ^  n  $  and  all  (kj^,no  ^1^)  eueb  that 


.15- 


Then  ’or  each  0^  n  and  all  (k^^,  ' "  ^  v*  ^1*' 


(2  1^)  >  Sjfl  n^"  ♦  «*:>  - 

mM 

Proof 

By  the  preceding  discussion  •.  o  first  note  that  a.  far*l)  n.  (m)  ♦  K  and 

1  1.  in 

n;  m 

n  (n^i)  •  n  (in)  t  \  i  .  a^^’d  siiiot  i  ,  ^  ’ 
f  r  ta-  i"*  I  m 

Qi*l 

^1  ‘""m  ’  "‘^i  '  ’*'  ^ 

*  m  ^ci*  I 

in  {2  12.)  •  In  what  fo?.!  'wn  we  bJiali  vfrrte  alxpiji  ;;  nic.  n  (•)  eialuf-^eh 

*  r  r 

at  la^  unless  otherwise  statsd, 


•16^ 


the  aAsviaption  that  (2^10)  nolds  for  and  the  fact  that 
Stt  K  ^0*“  «v»iy  (ltj^s»<,r.,iCjj)  such  that 

Ik^  *  we  see  that  (2, 12)  holds  for  n  *  0^  We  will  now  eetabliah 

(2^12)  by  an  Induction  argua-snt  on  iio  liios;  we  assume  (2^12)  to  be  true  for 
soiaa  0  ^  n  <  shew  that  it  holds  for  n^l,  io«<^> 

(2,.  12,1) 

^  ^  for  all 

i  r..  m+1 


(k.  fo  K-,)  such  ‘  lat  Jlk  ■•  K.,  ,,  ♦K  >  J.- 

Fii'st^  (k^^no,,k^)  id  an  arbltrarj’  TX>int  at  which  (2^.12)  is  aaauned 
to  holds  then  it  is  sufficient  to  show  that  {2„12,i)  bolds  for  each 
{k^j,3,.j,k^*-l,oo., ;kp)  ,  B  *  l,,.r,}lo  Ii:dertd,  if  tk^.  ”  K^+c.oe^K^+n*l,  then 
aaias  >  0  and  (k^,»,o,k^-l,  so,iCj^)  will  be  a  point  satisfying  (2,12), 

Furthemoro,  it  is  sufficient  to  sh^w  that  (2,12,1)  holds  for  each 
R'>tupltj  of  Ujo  fom  (kj^, a,o.k^*lvoo,,kjj)^  where  (kj^*., ooo,kjj)  satlaflaa 
(2,12)  and  Is  at  least  as  big  as  the  component  of 

(n- ♦n„jo^,ng)f  the  argument  of  on  the 

ri^ht  aide  of  -nt  Jn  quaiity  2r.  (2  12),  For*  if 


1  *'  9  «»  o  o  ..  Q 


1 

1  1  m 

5.  <1, 


f  n  o  ^  o  ‘j  o  c^“Ujj  ,  then  <  q^,  for  some  Si 


ia»l  m«-i 

Impllss  that  ttiere  is  a  t  s  cuch  that  k^>  since  Ek^  “  Ln^H^n  •  iq^ 
henc0»  we  consldtr  the  poirA  (k^,  .cojk^-l, ,«ook^*'l,-i -p  >f^)«  satisfying 
(2,12)j  and  (2  .12,1)  will  held  for  (kj  ,,«o,k^yo.o,k^^i,cc  ,»kjj),  ainee 

^  ^t' 


.-17- 


Thc-’'efore,  w«  consider  an  arbitrary  point  ,  satisfying 

(2-,l2),  and  such  that  ^  q^.  (Ihis  must  be  true  for  sue*  s  " 
since  •*  asaianption  that  (2..12)  holds  for  some  0  n  < 

and  th«  deflnltlor.  of  J  (''o  ';>«e’V'  wa  havt? 

Hi'ign 


(2  =  12,2) 

A  P 

pa  »Ipa  'ipa“'»E  pa 
»  s  V.  r  r  s  \  r  r 


wt.ich=  vhen  r«wrl,tten  becomes 


(2,12,3)  Z  p  (a^  ^  ‘i.  " 

v^r*  F  cti  9 

r-^ 


Sinc'*  k  p  a  **;#  a  *  and  the  i-lght  side  of  (2,12  3^  le  pKisttlve,  Hen» 

8  *8  A  8 

the  maquai-ity  in  (2,12,3^  Is  preserved  if  rfe  aultipiy  Uia  rl^t  aide  by 
miQ  after  rewriting  l;i  Uie  fonu  of  (2, .12, 2’  we  have  the  followings 


12  .,4)  p  a^  ♦  Z  p  a^  ^  p  +  Z  pa 

6  8  S  *  j  8  S  _ \  •  V 

r\B  r^-.s 


If  b  »  c  then  (2.12,4^  is  the  statement  (2,12,1)  for  the  p-<lnt 

Wr  X 


(k-,9  .  jk  ♦iro-  yk^)  since  (i.  ^  n.  ■* 

^  Vl  ^  m*l  ffiU 

If  8  v  then  f  from  (2,12  4)^  we  have 

(2.1i:.4‘> 


n 


k  *1  k 

^  f  r 

pa  ♦•Z  oa  ->pa 

•^3  3  .  r  r  ^  *^8  3 

^^8 


n  *\i 

.  ^  - 
<p>  a.  ♦  ^ 


nr"  i  n.  »  1 


rVs. 


P 


-IS  - 


Froo  6‘),  sines  n  <  ws  see  that 


n, 

1  -  . 

r.  *^4  1 1 -a,  )  >  max  I'pa  (i  a  )]  « 

Vl  Vl  rH  T 

m*-! 


which  iriipUeO;  in  partlcwiar«  that 


*n. 


°1  -^i  ,,  %% 

H}*L  ff!*! 


rr,  "ml 

Vl  , 

nr»l  ■‘m+.l 


for  ‘tny  a  \  o  Together^  {2^12  and  2-.12«5)  yield 


k  .1  k  "i  , 

P»“»  '  t  ^ 

rv8  m*l  irr»  1  '  ' 


Vr  * 


IB*1 


ti-s  strttement  of  (2,12ol)  for  the  point  (ic^, c »o,k^^l, o ->o,Kj^)  ^  which  couiplctos 
thti  proof  of  the  lersHit-. 
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3^  A'-  ’ill  Cese^  In  tliij*  asction  we  asainne  the  R  b s  are  indistlTigulshable 

in  the  seass  that  the  probability  of  locating  the  object  In  a  given  box,,  if 

it  Is  is  the  a.une  for  all  boxss-  Th<»~ei’ nre^  lot  a  be  the  cowmon  value 

of  the  ana  suppose  wo  have  iiioi'^cUd  the  boxes  unauor'casfuilyj,  accordi  ig 

to  b*^  up  the  the  poi»)t  where  we  are  now  ibliged  for  the  first  tiv,e  to  in? port 

box  h,  the  box  with  the  smiillest  prior  probability  of  cont.ai.n5ng  the  objecto 

{If  pu.  -  p,  ,  ,  -  p.  ,  for  some  I  ^  t  <  F.,  then  ar.covdlng  to  6*  box  R. 

havlnr  he  iarf;e3t  minx  would  still  be  '„he  last  bo.  to  be  Inspected  ) 

have  nairer,  th<»n,.  a  t  ital  of  M  rp.5ervfi.ti-)n3  in  box  1  where 

s 

(;)  U  Pj  a  <  1-1  ii 

fjoir  {2..h  ''  We  cir.'.m  i  hat  the  intsgere  M, .  .  ,?-L  ,  ar**  the  B.'aailast  intege-ti 

for  which  the  Jneiual  tties  In  {  '  i'  wi  'i  hold.,  this  is  not  the  case  let 

1 

be  an  integer  wiiich  vlo  ^.T-ea  our  clalrcj  1  e„  p^u  <  P|^  Then  followinij 
plan  h*  an  obsnrva'ion  fron  box  rf  would  havo  tc  bo  takun  before  the 
b.-i# riatio;i  fr>ni  Iwx  j  i>ut  this  ir  a  contradi-'tior;  olu'e  a  lo^-aD  riarttbar  of 
ohse V-  ations  taiccn  i  n  h  >x  j  pi  ioi-  to  thu  }ncpe«:ti«..ri  of  box  U 

Mow  '-t  sifircfiin'’’  pfai  a*  is  continued,  the  pft>t  chain  <xf  ctsorvatlons 
;aast  ne  taken  from  ,jOuc  R.  Hot/e jer  this  ch'^’in  conaiatd  nvsre.'iy  of  one 
observation  since 
(1  2’i  1 

•  a  -  1-1,  i 

by  <  ‘1  X)  er>i  the  fact  that  the  Integeiu  il^  aiv  the  wmal  J  eet  for  which  (3  1' 
holds  l.tat  iS  although  -he  ine  jual  1<  les  In  (3  2'  are  weak,  the  ct^ndltfon 


i 

i 


r 


f 


:iC 


for  !•  -oer.ting  box  aayj  on  the  next  obeejrvatioc  is  now  established  by 
(2.6- )o  The  integer  i^  is  the  aaallest  integer  such  that 


Pi 


a 

1 


■ttC 

■  1<  r  <^l 

a  <  V  Pi 


"i  3/ 

Pj*  c  * 

"l 

a  f  for  i 


Howerart 

Ic. o.  . <,R-lv.  by  (3c,i)  and(3>2),  so  that 


only  observation  can  bs  taken  in  box  i^r 
w^iev'ft  1  ,  i3  the  amallest  inceger  such  that 


We  must  then  inspect  box 


M. 


Max 


p.a 


in  this  equation  is  1 
R  >  2,.  since  p^a  ^ 


M. 


Pi 

2 


<  Pr  “ 


'  Certainly jv  by  (2^6*' )f  i2  can  not  be  R,  if 
for  all  >R  •!»  by  (3  2)~  Aleo,,  since 

,  i  “*  i,  .  vR’lo  by  (3^1)  end  (3  2'',  then  we  are 


restricted  t»o  only  one  observation  in  box  bimilarlyr 

Pj  a  <  p^a  ^  p^a  ,  i  for  each  n  “■  3<«’«»,R’"1«  and  is 

n 

different  from  1^,  '  ’  ‘  1  since 

\  ‘-‘r 

).^  a  "  ^  Pp^a  >  p^  i  .  for  J  1.  .  . n’-l  -  by  (3  1)  and  (3'>2''-  ThuB„  once 
n  1 

wt  nave  reached  tne  stage  of  our  search  wnere  6*  instructs  u»  to  inspect  box  R, 
w^  .ake  one  ''hservation  there,  and  then  one  observation  in  each  of  the  reoAining 


"^hls  cli^ar  cot  ^rd  convr'dent  choice  of  i^^  is  the  primary  reason  for  the 
ccn;entioM  rade  in  (2  6)  Hecall  that  the  plan  6*  is  only  one  of  seveia.l 

plans  w«  cotiiri  have  chosen^  all  of  which  are  equii'alent  in  tnat  tii-^y  yield 

■f.L-'  b-iijic-  *»,\psc ^  ti  .  r"  .iV“.  to  ♦irid  he 


4 

■4 


boy«s  >  ej;e  crier  The  set  of  integers  1 j 

a  pemutatio*^  of  the  lnteg«^rs  >  l,,o!!,R-l  ^  »  chosen  so  that 

^  ^ 


is  simply 


13^3) 


K 

-1 

pu  »  p  -  a  >  .  .c  ?  p.  a  '  , 

^  n  'K-l 


wher«r  if  equality  ho  ids  anywhere,  the  quaritily  o*  the  left  i'^  associated 

“i 

^1  'i'll 

with  the  box  having  smaller  index?  i,e  .  if  p  a  '  p.  u  *'  «  then 

iroci  (3-3)  wc  have 


*1  t 

(ioh)  p.  c  >  p..  a  >  .>  tt  ‘ 


M.  ♦I 

hi  I 


and  each  quantity  excepL  for  a  a-omuiori  factor  !»  the  rxjslerio.f 

ptohabliity  that  thi#  object  will  ha  fouiiu  in  a  particular  toXo  after 

obsertratione  h£  ire  been  taken.  From  (3-4)  H  io  implied  that 

the  next  H  obati-vallons  v/ill  b«  a  'ef.etltion  of  the  tireviout!  H  obser nations j, 

‘.aicen  in  th--*  saase  ••n!er  b.iriV^i'1/,  sin<t* 

M.  *n  M,  "u 

pj^a  >  tt  ^  Pj^  a  for  a  -  ^.^  ,,  by  (irpj, 

*■1.  ill 


vf*  see  that  our  optical  search  plan  S*  becuBsas  cyclical  in  nature,  That  Is, 
:*fter  u  certain  jongib  of  tia*,  cm*  "best*’  searching  policy  Is  to  take  one 
rbs«“nrat.ioi.  in  each  box  In  the  crder  I:,  I-,,,,., »1.,  ,  ani  th'»n  receatirjg  again 
ar.d  again  the  cbject  is  found.,  cr  until  a  fixed  total  nurirer  of  otservB- 

Mons  have  lam  calen- 


.>pprc-xliadtloru  In  tills  asctlon  w«  assume  Umre  art  only  twc  bcxos^ 

trhat  a  >  ?,  where  u  la  the  probability  of  loc^airg  the  object  on  a  given 
observ.'.ion  In  box  1,  given  t;.t:  It-eic  la  there,  rj*d  {i  ia  the  corieaionCing 
proocit  ility  o38oclatt».l  with  box  2  If  p  Is  the  prior  probability  tliat  the 
c-i  ject  la  in  boot  1.  with  p(  1  >  (i  p)  (i  0),  then  the  optlokil  searching 

.  l:<n  develor>ed  Jn  the  preceilin^’  sections  tay  be  descrioed  aa  follows S 
(l''  ..ke  the  fira-  obiei’v:.'.  iv^r.s  one  at  a  t-iuie  in  box  i.  where  K  is 
lha  Integer  s\:.c-).  that 

{h.li  pa ‘M  a)  <.  (!"(■'*  j 

(ii^  T;die  the  nexi.  chaiji  ol  observaf  ona  from  box  2  Ihis  chain  cormlats 
■:-r  cn^y  o:  e  onaer*\.t  ■  r-r*  no.  t'ver.  since  (u  I.)  and  the  f-aCT  tb.a.t 

a  >  i'.  lin.ilj.’  that 

(i  p)  (Ip)  0  <  p  i‘  ^(1'0)0  .<  p#^  (l-u>5 

i,e  iLi-  ooaiori'-'r  pr-t  tiiily  li  finding  tji«  objec*  In  t  ox  1,  after  E 
obaer  v  .tions  in  tax  :  -itid  or.e  ot.-serv .  t  lor.  in  b«»x  is  no  3i.4io.Tler  than  tbu.^ 
of  hjv  b; 


(ill)  Take  th-  next  obaervatic  s  In  box  1»  where  Is  the  smallest 


Integer  such  th-at 

’'"H 


pL. 


(i^c-  (l-r  : 


(iv)  Take  th^r  r«y.h  chair-  (;f  ohscrvatlcru  fr'C;  box  2,  which  .again 


:  u  r  i5  r  :  c  n  '  or.e  ct  ac -v  .  *  .  ot.  a  *  rrf  fi 


(I’p)  vi-0)3  ^  jKi  (l'a)3  ^  ptt  ^ 


(v  ■  for  n  “  2,3»ffp«};  after  ti;e  n  observation  in  box  2  has  been  taketij 

tske  Vi  obocxnrit ions  rvne  at  a  time  In  box  v,+.ere  M  is  the  amiuJest 
n  i\ 

integer  such  that 


{U<2) 


(l'-<x)  <  (l“p)  (i  0)3"^  j  and’ 


(y5  tr!iBiifu.ite  inspection  once  th-*  item  la  lourtl 


Note  that  each  chain  of  obrervatlons  evei  taken  in  box  2  constats  of  orl>'  c\n*.- 

obserwation  This  is  Justified  by  the  inequality  " 

n^l  'i  K*H.*a  a*"*** 

(1  p)  (1  0)3  ^  p...  '  ”  (1  a)0  ^  pa  ^  “''‘(l  a), 


m  i^: 


:  “ 

for  n  1^2,  :  o-v  as  i  pllw;  by  (hVi)  and  the  fact  that  a  >  , 

In  an  att -miL’t  to  construct  en  af'proximatlon  to  the  optinal  plan  6*.j  «e 
now  prove  the  foilovring  Thcore^  „ 

Iheoregt  2.  If  h*  is  the  roiallcst  Integer  3uori  that  x‘  Vneti 

each  of  th,-  integers  defined  by  (/;  2;,  is  either  or  I,  for 

ri  f»-  i  P 

ih^oof 


To  prove  this  w«  flr^t  nwte  that  (t  1)  and  the  .^act  that  o'*  's  3 
InpTy  ti.e  foil  owl  77;  Ineqi.allty , 

K  : f.-  i  ?;*  7 

(4  3  1>  pa  {l-ni  a  <(l-p)  (l“0)3  ^  ja  (i  -a)a 


Thi? 

{ur>  2) 


.<■.  rwritlen  as  fcHttufs; 
M*  (1-p)  1‘3 

P  A 


M*  2 


a  < - 


1  a 


'3^  a 


The  q  wntity  cn  the  rtgiil  '**tn.S  ^  "ss  ihari  i  srlnce  c.  <  3.  wid  M'^  anst  b«  at 
^  by  definition  but  free  (A  23  for  n  «  3.,  we  have 


(4  ?  ' 


(1-f) 
a  ^  <  “*•'* 


13 


P  A 


K  1-n 


f<  <  a 


II,  I 


Togntherv  (/♦.3.23  and  {k3?)  yield  the  inequalities  >11*  2  and 

M  I  which  in  turn  iiaply  that  M*+i  >  i:,>  K*'>2»  Hense.  M  ia  either 
It  o  ^ 

M»  Of  f*-  1 

Trsating  th**  ytaten'.«nt  of  the  rhoorew  ay  an  indwctlve  ?^^»othesls  in  n, 
let  U6  now  that  for  8«wie  n  ^  I.  cither  or  as  a 

cc  -aeciueace  o!  (/+  23  aiki  the  Csct  Uiat  c!'^*  <  »»  follawing  iMqpalltX 

obtained  In  a  fashion  ^.iJ^^}ar  to  that  used  Irt  (iVo3  2)? 


-M’* 


(t  3  ^ 


i_p ..  „.  .  . 

~F+M.  *  H-:  1  i -a 

)  t  1 

vx 


<  a 


K  '--M*  2 

ti 


tjur  ciiHomptioit...  if  ■  K*.  ther  fron  (U  3  we  have 


2>: 

(h.i  i)  a  < 


Ip 


pa 


1-a 


B*!  2M*  2 

0 


Howevsr  in  2.)  liitpLlei.-  tr.a!- 


K 


.•v  ♦ 


■x* 


^  1>^P 


K^-M.  ♦  .  *i: 


■Jji 


1  3  ^  **n^l 

--1-  3  $  a 

1  <i 


H  .  .♦K*  1 


(!,.j  .6) 


U 


o 
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when  HencOj  (L  y  5)  and  (i*  3-6i  together  yield  2M*  >  and 

M  >  2j.*  80  that  K*  ♦!  >  M  >  *.*  2  and  M  .  :8  eitiier  K*  or  M*'-l 

n*'!  n^i  n»  i 


If  ~  the  aiteniative  poaslclllty  uaier  nor  asamnptlod^.  then 


(U  3  iTipllea  tb.at 


i  ? 

a  3  7  '^  a  < 


If 


■{XI 


1  n  l  1  a 


„n*-i 

0  f  a 


fi«  in  v’4  .3,6)  however,  <[u  2.';  Impllef  (hat 


,  "M*  ! 

(li  3  h)  a  V, 


i  P 


n  i 


i_f  .  M  ♦h*  2 

.n*  A 

in  N 


w}Lt«'h,  conjolnrd  wiUi  !/*  }-l').  yields  2?!'*  i 


'(♦ 


. . '  ::  .iki  i .  ^ » 


-i 


.*  l  ;  <:.♦  3 


Th'srei’ore.  K’**!  >  K  ,  >  ,  cr  M  ,  !•  eltner  or  i”  i  whJch  cocpleheH 

n'^l  •  n'l 

t  e  proof  of  the  'theorem  Roughly  speaking  this  theorem  tells  vs  that  e-rery 
churl  p.  of  oba*»rTc»t;ion3  taken  in  Poa  l  accoi'dlr.g  to  6*,  cihiT  than  the  Initial 
(.r.jin.  C'.  .ijiftts  .iL'ncsi  of  tr.c-  ruimPer  '.'f  ';hai.  f' .nii 


ow  froi.1  flection  2  arvi  the  ief.nitlci,  of  d*  an  trda  sec  ion,  we  have 
the  following. 

ly;  >  nl6*J  -  pc”'^(i  pi  .  for  0^  r 
( '•  t  ^  ~  .’''hP  7u  ■  0  (!  ^ 

A*.P,  -i 


r  I'.  '>  K  ♦  y.  -n  ^2 1  i •  :  pc 

P  J 


.  2 


tor  ^  i  r,  < 


26- 


and»  in  genaral, 


m-1 


K*Z  K n 

P[N>K^  I  M.  '^n  +  ■l6•]-po  1  ^  (l-pV 

p  ^  X 


1 

1-1 


for  0  n  ^  . 


Theraforty  we  nay  wx>lte  the  folloiilng  os^rreseions; 


E  [k|5*1  -  ?  P^tH  >  k  I  6*] 
P  k-c 


-  I  p))  •  ?  [pa''  ' 

nro  tt-o 


IS 


M,,  K*r»|^n  ^ 

St  tpa  ^  •(!  p)B^l  • 


h*o 


*  p  La  ♦pa 

n-o 


L  a  ♦pa  (..  ♦a  ’•a  ♦..  .)♦ 


Ci-p)t(K+i»  ♦  r  (K  ♦!)  P®3 


p 

x=a 


■ 

flP  ^  H 


a-1 

'U.f 


♦  pa  Ci  ♦  I  a  1-1  ^3»(1  p)I5K^l)  >  I  (It' 

u*l  E’  1  m 


Let  U8  now  define  6*  to  be  the  searching  plan  which  Instructe  the 
statistician  to  take  K  observations  one  at  a  tins  in  box  I,,  then  one 
observation  in  box  2  and  ll*  obsenrations  in  box  1,  alternately  oiitl! 
oljject  is  found.  rYom  (k  •+)  and  iU  5);.  H  is  easily  aeex.  that 


(4<>6) 


6®]  «  ^  ♦  pa*^[I  ♦  L  a“‘  ]<  (l--p)C(K*l)+  £  (li**l)^ 


Canb:iniri£  (4^5)  and  4^6),  and  «4>piljdng  Theorem  2,  we  obtain  the  rollowingi! 


b  ♦d-p)  "  (K*  H  )b" 
m*l  ■ 


_  9^^  Xi  M 

EpCNjt  ]  Ep[Nj6*1  -  pa*^  ?  (a  «  a  ^)  ♦(!-?)  ?  (K’^ 

1  •  ...  ^ 

<pi^  ?(a"***  -o“*‘)^(l^p)  ?  CKMM^-l)}p“  J 
■‘•1  it-i  HL 1  ■ 


aK*  at: 


<  pa,  Z  (a 

■‘*1 


(1-p)  r  p*  -  (1-p) 


Tills  inequality  pemits  us  to  make  the  folxc^ng  observaiioti  if  3  <  1/2. 

By  using  &”  tiie  etatlatielan  can  esrpect  to  take  less  ts  an  one  cbservaticn 
more  to  fini  the  object  than  if  he  had  used  the  optimal  plan  6*^ 

The  advantages  of  the  plan  4"  are  twofold ^  first,  it  is  very  difficult 

a 

generally  to  prescribe  the  full  sequence  of  observations  for  b*  (onfo,  is  the 

1000^'^  observation  of  6*  to  be  taken  from  box  1  or  box  2?),  whereas  for 

a 

5“  it  is  quite  easy  to  pruscrlbe|  and,  secondly,  conreming  '^he  paranetcra 

a  and  B,  the  statletlclan  need  only  know  the  ratio  log  p  , 

log  a 


which  deteminas  the  ^’alue  of  K*j  Furthermore,  Theorma  2  suggests  othsr 
obvious  searching  |dans,  one  of  theae  being  that  plan  which  use^M*'^!  in  place 
of  as  in  5« , 


,is  a  final  not*  we  shotild  like  to  add  that  if  a  <  with  pCl-^)  ^  j 
(1-p)  (1-0),  then  bejond  the  firet  chain  of  obeerfatione  in  box  Ip  only  one 
observation  is  taken  in  box  1  between  each  fh*la  of  observations  in  box  2 
aecordlna  to  6'“,  and  a  result  similar  to  Theorem  2  can  easily  be  derived,^. 


